The injection of an optical signal into a semiconductor laser biased near or above the lasing threshold modifies the coupling between the free carriers and the intracavity field. The detuning between the frequency of the injected signal and the free-running oscillation frequency and the ratio of the photon lifetime to the carrier lifetime are key parameters in determining the enhancement of the carrier-field resonant coupling frequency and the stability of the output field. Experimental results using a vertical cavity surface emitting laser biased near threshold are in agreement with calculations using a lumped-element oscillator model. [2, 3] , and mode hopping [4] , depending on the amplitudes of the injected and oscillating fields and the frequency offset between them. These various characteristics have all been recovered in lumped-circuit oscillator models of the semiconductor laser subject to external injection. Recently, an amplifier model was used to describe some novel features in the optical spectra of a vertical cavity surface emitting laser (VCSEL) under strong optical injection [5] . In our analysis we will consider a single-mode semiconductor laser subject to external optical injection [3, 6, 7] . We will consider two external fields, a strong injection field that satisfies the conditions for injection locking, and a weak field that can be used as a linear probe. The interaction can be described by two coupled equations:
Semiconductor lasers subject to external optical injection are being studied as a model nonlinear dynamical system and for their potential in optical communication and processing applications. External optical signals can induce stable and unstable injection locking [1] , chaotic dynamics and multiwave mixing [2, 3] , and mode hopping [4] , depending on the amplitudes of the injected and oscillating fields and the frequency offset between them. These various characteristics have all been recovered in lumped-circuit oscillator models of the semiconductor laser subject to external injection. Re- cently, an amplifier model was used to describe some novel features in the optical spectra of a vertical cavity surface emitting laser (VCSEL) under strong optical injection [5] .
The model predicted that stimulated emission and absorption due to the coherent transfer of energy significantly enhanced the semiconductor response and produced new resonances in the optical spectrum that are distinct from the relaxation resonances typically observed in semiconductor lasers. Here, we show that the laser cavity plays a major role in the generation of the new resonances and in the enhancement of the modulation bandwidth, and that the new resonances can be related back to the relaxation resonances observed in freerunning semiconductor lasers.
In our analysis we will consider a single-mode semiconductor laser subject to external optical injection [3, 6, 7] . We will consider two external fields, a strong injection field that satisfies the conditions for injection locking, and a weak field that can be used as a linear probe. where g"and g~a re the differential gain and the nonlinear gain parameters defined as the derivatives of g with respect to the carrier density and the photon density, respectively, evaluated at the operating point [7] . When the free-running laser is biased below threshold, lAo/A~l =0.
With these definitions, we can find the perturbations induced by the weak injected field. The weak field induces a regeneratively amplified (RA) sideband, A", at the injection frequency, cul+II, and a four-wave-mixing (FWM) sideband, Af, at~L -A. In the perturbation limit: 
Measured optical sidebands are proportional to the squared magnitude of A"and Af . In addition, the spontaneous emission noise spectrum is proportional to the sum of the squared magnitudes of A"and A& [8] . This is because the spontaneous emission effectively acts as a weak external optical source. Therefore, this modeling also gives the sideband spectra due to amplified spontaneous emission and, for simplicity, we analyze the problem from this viewpoint. These equations simplify to the appropriate expressions for the free-running semiconductor laser when U = V= 0 and AL =Ap, y"L = y", and y~L= y~, the respective freerunning values [7] . Under optical injection, D can be 0 and unstable and chaotic dynamics can ensue [2, 3, 9] . Here, we are primarily interested in the offset frequencies of the resonances and defer consideration of their stability.
When the free-running laser is biased below threshold and is subjected to a near-resonant locking field, the limit lAo/A~l(&1, and y, &)2U and y, , then U=8/2+ y, y"L, / 2 y, . In this limit, Eqs. (7) and (8) can be solved to show that the RA term dominates the FWM term. If the gain defect, 6 ', is large compared to y, and V, the central peak of the RA spectrum is shifted from the free-running spectrum. The difference between the two in the weak-locking, large-6' limit has maxima and minima shifted from the free-running fre- [10, 11] . All measurements reported here were made at low output power, under operating conditions where the VCSEL displayed single-mode operation and no significant transverse profile variations from effects such as thermal lensing or spatial hole burning. Figure  1 shows the output spectrum and the RA spectrum when the laser is biased at 4.8 mA, well above the threshold value of 4.2 mA. Total output power at this injection current is =0.35 mW and the coherent output power is =0.3 mW. Here, we can determine the key dynamic parameters of the laser from its spectra. Figure 1 shows the good agreement between data and model that is achieved using the determined parameters, Offset Frequency (GHz) b=6, y =5.5&&10" s ', y =5&10 s ', y =3.5PX10
s ', and y = 5.3P X 10 s '. P in the formulas refers to the coherent output power in milliwatts, and the uncertainty for the parameters is~20%. The enhancement factor for the frequency shifts, relative to the amplifier case, is approximately 330.
For the injection-locking measurements, the bias current was set to 3. The lumped-element analysis of laser oscillation assumes that spatial effects can be averaged over the mode profiles. It has given excellent quantitative agreement with a wide variety of single-mode semiconductor lasers, including FabryPerot edge emitting lasers with large output coupling [3, 7] .
The linearized treatment, like that given here, fails to accurately reproduce the central linewidth of the free-running laser and, more generally, the dynamics whenever a resonance can be determined from the spectra and the measured output power. Figure 3 shows the dependence of the injectionlocked coherent power and the frequency shift of the resonance on the power injected into the VCSEL. Because we are unable to independently determine the coupling parameter, rg, we can only make a relative measurement of the injection power, and the relative uncertainty is 50%. Using the experimentally determined parameters, model calculations for both the injection-locked coherent power and the frequency shift are in good agreement with the data. At high injection power levels, the offset frequency scales linearly with the injection-locked coherent power, and both scale with the cube root of the injected power. Even at the highest injected power measured, where the injection-locked coherent power is = 0.07 mW, the field-induced enhancements of the decay rate are Y"L=0. 05Y, and Y"I=0. 075y, . These values coincide with the expected values at the lower operating power.
The modulation and noise spectra of the injection-locked laser are more complicated than the free-running spectra due, in part, to the dependence of the field amplitude on the locked phase. If the locking frequency is detuned from the free-running frequency so that @L=0, the amplitude becomes decoupled from the phase of the locking field, as is the case in the free-running laser. The correspondence between the new resonance peaks and the resonance peaks of an above threshold, free-running laser is more direct. The resonance peaks of the free-running laser are determined by the relaxation resonance frequency, A"=(y, y"+ y, y")", and the damping rate, y"= y, + y"+ y" [7] . For the $1 = 0 locked laser,
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becomes unstable, but it shows good accuracy in the prediction of the positions and shifts of the resonance frequencies.
The laser cavity strongly enhances the frequency shifts induced by the injection field beyond what is expected from the increased stimulated emission due to the stronger oscillating field. Phase and amplitude characteristics must be analyzed for a detailed quantitative understanding of the spectral features.
